Long-lived, high frequency phonons are valuable for applications ranging from optomechanics to emerging quantum systems. For scientific as well as technological impact, we seek high-performance oscillators that offer a path towards chip-scale integration. Confocal bulk acoustic wave resonators have demonstrated an immense potential to support long-lived phonon modes in crystalline media at cryogenic temperatures. So far, these devices have been macroscopic with cm-scale dimensions.
I. INTRODUCTION
Acoustic-wave technologies have become indispensable for everything from classical signal processing [1] to precision metrology [2] . Rapid advancements in quantum optics, optomechanics, and circuit quantum electrodynamics have recently spurred interest in phonons as the basis for emerging quantum technologies [3] [4] [5] [6] [7] . In these systems, phonons become coherent carriers of information and can also be utilized to mediate interactions between different types of excitations (such as optical photons, microwave, and defect centers) [5, [7] [8] [9] [10] [11] . In this context, we seek high quality-factor (Q) phonon modes at high frequencies (f ), making the f ·Q-product a key figure of merit [4, 8] . Such high frequency (GHz) phonons are easily cooled to their quantum ground states and can be used to store quantum states for extended periods of time. Low temperature operation has the added benefit that phonon lifetimes are radically enhanced in pristine crystalline media. As a basis for emerging quantum technologies [7] , we seek high performance phononic resonators that offer a path towards chip-scale integration.
While there are many promising approaches to size reduction for mechanical resonators [12] , the task of achieving high f ·Q products within a small package at cryogenic temperatures introduces a unique set of challenges. To dramatically extend phonon lifetimes, we seek to eliminate extrinsic sources of loss. In this regard, phononic crystal-based device strategies offer an intriguing solution [13] [14] [15] [16] , as they can theoretically eliminate external loss channels through the formation of complete phononic bandgaps. Bulk acoustic wave (BAW) resonators offer a complementary path to high performance at cryogenic temperatures. For instance, record f ·Q products (1.6 × 10 18 ) have been demonstrated at microwave (200 MHz) frequencies using confocal BAW resonators that mitigate extrinsic losses by trapping the phonon modes within the bulk of a pristine crystal [17] . However, because these devices are typically designed for operation at relatively low frequencies (5-100 MHz), they have historically been relatively large (centimeter-scale) [18] . Fortunately, as we scale to higher phonon frequencies, smaller acoustic wavelength permits radical reductions in size.
These resonators are comparatively simple to fabricate and have great versatility; individual resonators support high-Q phonon modes over a wide range of frequencies (1-100 GHz), and can be formed from an array of different materials.
In this paper, we present novel design principles and simple fabrication techniques to cre- wave resonators microfabricated on a silicon chip. Phonon cavity geometry can be easily tailored for resonators fabricated on-chip. b) These resonators have a plano-convex geometry that permits tight confinement of standing-wave longitudinal phonon modes near the center of the device (acoustic waist radius w o < 40 µm). c) These longitudinal acoustic modes couple to counter-propagating optical fields through photoelastic coupling, which is used to perform non-invasive laser-based spectroscopy of phonon modes at GHz frequencies. d) For sensitive optomechanical spectroscopy, we seek to maximize the acousto-optic overlap with Gaussian laser fields with spot sizes of ∼ 35 µm.
ate high performance BAW resonators on-chip. Through microfabrication of such resonators in two different materials, we demonstrate that these techniques can be adapted to create BAW resonators in a wide array of materials. We engineer the modes of these resonators to produce efficient light-sound coupling using the instrinsic photoelastic response, which is present in all transparent media. This permits us to perform non-invasive laser based phonon spectroscopy at high frequencies . Using these device strategies and measurement approach, we demonstrate Q-factors of 28 million (6.5 million) for 12.7 GHz (37.8 GHz) phonon modes of microfabricated resonators in z-cut quartz (x-cut silicon). Remarkably, these chip-scale BAW resonators, with >1000-fold reduction in device volumes, exhibit f·Q products on par with previously demonstrated values in macroscopic (cm-scale) BAW resonators [19] .
II. DEVICE DESIGN
Our device consists of a microfabricated plano-convex BAW resonator on-chip (see Fig.   1a ), which we call confocal High-Overtone Bulk Acoustic Resonator (cHBAR). Microfabrication permits creation of compact devices with diameters ranging from tens of microns up to a few millimeters. Longitudinal acoustic phonons are trapped within this system as the acoustic wave reflects from both top and bottom surfaces of the substrate, forming standingwave phonon modes (see Fig. 1b ). This plano-convex design mitigates acoustic diffraction and produces confinement of acoustic energy in the transverse dimension (typical acoustic beam radius is <40 µm). Since these acoustic modes live primarily in the bulk medium, they have greatly reduced surface interactions.
The response of the phonon field is detected using a non-invasive laser-based spectroscopy; stimulated energy transfer between counter-propagating light fields occurs as the detuning between the two light fields is swept near the Brillouin frequency (see Fig. 1c ) [19] . This energy transfer spectrum gives us information about the frequencies and lifetimes of the phonons. To permit efficient optical access to the resonator modes, we also tailor the planoconvex geometry to enhance optomechanical coupling with the incident Gaussian laser fields of spot sizes of ∼ 35 µm (see Fig. 1d ). Before we explore this optomechanical coupling in greater detail, we explain the design principles and fabrication methods used to create chipscale cHBAR.
Since the wavelengths (λ ph < 1 µm) of these high frequency phonons are much smaller than the system dimensions (hundreds of microns), the acoustic wave propagation becomes reminiscent of optical beam propagation in the paraxial limit. We show that these planoconvex phonon resonators support high Q-factor mode families, with Hermite-Gaussian-like mode profiles (See Supplementary Note for details); the acoustic mode profile is engineered to have good acousto-optic overlap with the Gaussian laser fields. Next, we adopt established methods from optics to design stable, high-Q cHBAR.
Within the framework of Gaussian optical resonator design, we expect only certain radii of curvatures to form stable cavities; in a stable optical cavity, transverse spatial confinement occurs because the reflections from the resonator surfaces compensate for effects of diffraction. Stability criteria for a Fabry-Pérot optical cavity in vacuum consisting of two mirrors with radii of curvatures R 1 and R 2 separated by a distance of L is given by 0 ≤ g 1 g 2 ≤ 1, where the stability parameter is defined as g i = 1 − L/R i (i = 1, 2) [20] . In the context of acoustics, correctly formulated stability parameters g 1 and g 2 must account for the anisotropy of elastic constants. In contrast to slowness surfaces for optical waves propagating in vacuum, acoustic slowness surfaces are not necessarily symmetric or even parabolic [21] ; as a result, acoustic beam propagation in crystalline media can be non-trivial. However, we can greatly simplify the acoustic resonator design problem by choosing crystalline axes about which the dispersion surfaces are parabolic and symmetric to first order. In this case, we can formulate stability criteria that closely mirror laser beam optics (See Supplementary Note for details). The stability parameters for plano-convex phononic cavities formed using z-cut quartz and x-cut silicon are simply given by
where t is the thickness of the wafer, R is the radius of curvature of the convex surface, and χ is an "anisotropy-constant" that includes the effect of propagation of acoustic beam in an anisotropic medium. For acoustic beam propagation perpendicular to the z-cut face of quartz and x-cut face of silicon, χ can be calculated analytically yielding χ Si = 0.6545 and χ Quartz = 0.5202 (See Supplementary Note for details). Therefore, the range of radius of curvatures that can produce stable plano-convex phonon cavities is 0 ≤ 1 − t/(χR) ≤ 1 or equivalently R ≥ t/χ. For the design of phonon cavities along crystalline axes that produce non-trivial dispersion surfaces, more sophisticated methods such as the numerical acoustic beam propagation techniques discussed in Ref. [19] must be used.
In addition to forming a stable phonon cavity, we choose the radius of curvature R to enhance the acousto-optic coupling. Since the acousto-optic coupling depends on the overlap integral between the optical and acoustic modes [19] , we seek to maximize coupling for the fundamental acoustic mode by matching the acoustic beam waist to the optical beam waist.
The acoustic waist radius, w o , at the planar surface can be expressed in terms of R as
where λ ph is the wavelength of the phonon mode. For instance, a 1 mm thick plano-convex phonon cavity in z-cut quartz with R = 65 mm supports a 12.66 GHz acoustic mode having w o = 39.6 µm. Therefore, by changing R, we can tailor the acoustic mode so that it couples efficiently to a focused laser beam of radius ∼35 µm used in our experiments. Finally, we chose the diameter of the phonon cavity, d, to be much larger than the phonon beam waist, w o (See Fig. 1 b) ) . This ensures that the exponential tails of the acoustic Gaussian beam are vanishingly small where the convex surface terminates, meaning the diffractive (or anchoring losses) are negligible. For instance, assuming all the energy outside the convex surface is lost to diffractive losses, for d/w o = 5, we still find that the Q-factor limit due to this loss mechanism would be 7 billion (15 billion) for the phonon cavities fabricated on quartz (silicon) (See Supplementary Note for details). For a phonon cavity with given thickness and radius of curvature, it is easy to see from Eq. (2) that phonons at higher frequencies have smaller waist radius (i.e. w o ∝ 1/ √ f ). Therefore, as we seek operation at high frequencies, the phonon mode volume shrinks, permitting us to fabricate smaller phononic devices.
III. FABRICATION
Next, we give an overview of the fabrication steps used to fabricate these phonon cavities. We developed simple microfabrication techniques to create high preformance phononic oscillators on-chip by leveraging strategies used to fabricate optical micro-lenses [22] [23] [24] .
However, to achieve low loss phonon modes at high frequencies (having λ ph 500 nm),
we optimized the fabrication process to yield resonators having excellent surface finish.
Standard optical lithography allowed us to print cylindrical photoresist patterns which are transformed into hemispheres using a solvent vapor reflow technique (See Fig. 2a ). Photoresist structures became less viscous after absorbing solvent vapor, allowing surface tension to form photoresist hemispheres having excellent surface roughness (∼ 1 nm). This reflow also permits us to form photoresist hemispheres having large radii of curvature (tens of mm).
Additionally, the center height of the photoresist hemispheres after solvent vapor reflow is not dependent on the substrate material and is relatively insensitive to the photoresist diameters [25] . In this way, we can change the radius of curvature by independently changing the thickness or the diameter of the photoresist cylinders.
After the reflow process, hemispherical photoresist patterns are imprinted on the substrate material by completely etching away the photoresist using reactive ion etching (RIE). The ratio of etching rate of photoresist to the etching rate of substrate material (also known as is a result of difference in etch selectivity of the substrate over photoresist (ratio of etch rate of substrate to etch rate of photoresist). Using atomic force microscopy (AFM), we measure ∼ 1 nm root mean square surface roughness for phononic cavities on both quartz and silicon.
etch selectivity), determined the final radius of curvature of the phonon cavities. Reactive ion etch parameters were optimized to ensure excellent surface roughness after the etch.
In what follows, we outline detailed fabrication steps used to make plano-convex phonon cavities in crystalline quartz and silicon on-chip. The fabrication process begins by creating photoresist hemispheres. We start with a double-sided polished 1 mm thick z-cut quartz wafer (> A grade, 99.997% pure). To eliminate the possibility of organic contaminants and adsorbates, the wafer is oxygen plasma cleaned for 3 minutes at RF-power of 300 Watts and a pressure of 300 mTorr. We then spin coated a 5.5 µm thick layer of photoresist (AZP 4620) on the wafer. A post-bake at 110
• C for 2 minutes was performed to harden the photoresist. A lithographic photomask was used to define circular structures during UV exposure (400 mJ/cm 2 at 405 nm wavelength). The exposed photoresist is developed The results of these fabrication processes are first characterized using a 3D surface pro-filometer (Zygo Nexview) as seen in Fig. 2 b-c. A hemispherical surface fits well to these plano-convex phonon cavities with diameters of 1100 µm. This fitting allows us to determine the radius of curvature of 65 ± 1 mm (13.3 ± 0.3 mm) for resonators in quartz (silicon).
This difference in the radius of curvatures for the same diameter cavities in two different substrates is a result of etch selectivity differences during RIE process. We chose 65 mm radius of curvature phonon cavities in quartz for our optical measurements because, as discussed before, this results in enhanced acousto-optic overlap with the Gaussian laser fields.
We chose 13.3 mm radius of curvature phonon cavities in silicon because, given low etch selectivity of 0.74, this was the largest radius of curvature we could obtain without significant deviation from a hemispherical surface. We observed that the photoresist hemispheres with large diameters (> 1.1 mm) tend to have asymmetry in the convex surfaces. The surface roughness is measured using an atomic-force microscope (Bruker Dimension Fastscan AFM).
We measure a root mean square roughness of 1.2 ± 0.3 nm (1.1 ± 0.1 nm) for the etched surface in quartz (silicon). These fabrication results show promising features that hint at phonon cavities that should support long-lived phonons with minimal scattering losses.
IV. EXPERIMENTAL STUDIES
We probe these phononic resonators using laser-based optomechanical spectroscopy at cryogenic temperatures. We engineer the phonon modes of our resonators to be Brillouinactive, such that optical forces generated by photoelastic response of the material permits phonon dissipation rate Γ/2π. This technique is very versatile as it permits us to perform phonon spectroscopy in practically any transparent crystalline medium (with or without piezoelectric response). Moreover, since this technique is non-invasive, it permits us to perform rapid spectroscopy on arrays of chip-scale phonon cavities.
We use counter-propagating pump and probe light derived from the same laser source (Pure-Photonics PCL200) at 1549 nm to obtain energy transfer spectra at cryogenic temperatures. The frequency of the pump light is fixed at the laser frequency while the detuning between the pump and the probe light (Ω = ω p − ω s ) is swept through the Brillouin frequency (Ω s ). The magnitude of energy transferred from pump light to probe light (∆P s ) is recorded as a function of Ω (details on optomechanical coupling and measurement setup can be found in Ref. [19] ). We also compared our experimental results (and the analytical theory) with the numerical beam propagation method (of Ref. [19] ), which accounts for the full anisotropy in the elastic tensor. This numerical method was used to calculate the mode spacing (blue dots in Fig.3 c-d) as well as the acoustic mode profiles seen in Fig.3 c-f . Note that we compare the relative mode spacing, as uncertainties in the elastic constants at cryogenic temperatures prevent us from determining the absolute mode indices (i.e., the precise number of overtones).
Numerical calculations revealed good agreement with the experimental mode spacing for resonators fabricated from both quartz and silicon (See Fig.3 c-d) . The finer resonance structures, such as the observed splitting (∼40 kHz) of higher order modes (L1, L2) in silicon (See Fig.3 d) , are consistent with small asymmetries in the convex surface of the resonator;
this was identified using a combination of surface profile measurements and simulations.
In general, the most tightly confined fundamental mode (L0) within a given mode family (m) is expected to exhibit the lowest diffraction (and anchoring) losses. To explore the performance of this on-chip phononic resonator, we now focus on the fundamental phonon mode (L0). To ensure that we converge on the intrinsic phonon linewidth (i.e., eliminating possible line-shape distortions arising from acoustic non-linearities) we greatly reduce the laser powers as we perform the high resolution measurements seen in Fig 3 e-f . At such powers, we estimate phonon intensities of around 10 Wm −2 (220 Wm −2 ) in quartz (silicon).
Analysis of the line-shapes in Fig 3 e-f is comparable to f·Q-products obtained in macroscopic bulk-crystalline resonators [17, 19] .
V. DISCUSSION
These techniques to fabricate and characterize on-chip phononic resonators could be extended to perform scalable studies of phonon dissipation, surface interactions, and defects/impurities in a broad class of materials. As for technological applications, on-chip plano-convex phononic resonators of the same form factor discussed here can be coupled to superconducting qubits [7] . While we have designed our phononic devices to have high Q at >10 GHz corresponding to the Brillouin frequency, these design strategies can be used to create chip-scale cHBAR that supports low-loss phonon modes in frequency ranges (5) (6) (7) (8) (9) (10) GHz) relevant to these superconducting circuits. Since the lifetimes of these phonon modes can be much longer than the superconducting qubit lifetimes, such resonators could enable storage of quantum information on-chip [7] .
In conclusion, these results lay a foundation for versatile non-invasive materials spectroscopy techniques and new device strategies to benefit quantum information. We have developed simple microfabrication techniques to fabricate arrays of phononic resonators onchip and precisely control their geometry. Through laser-based spectroscopy of 12.7 GHz phonon modes of cHBAR in quartz at cryogenic temperatures, we have demonstrated f ·Q-products (3.6 × 10 17 ) that are comparable to the world class f · Q-products obtained on centimeter-scale BAW quartz resonators [19] . Furthermore, our demonstration of a compa-rable f·Q-product (2.5×10 17 ) in silicon at record high frequency of 37.8 GHz suggests silicon as a great platform to support long-lived high frequency mechanical excitations. Lastly, there is a path to efficiently accessing these high-Q phonons with both light and microwave using optomechanical and electromechanical techniques. Therefore, these chip-scale cHBAR systems could potentially enable coherent information transfer from microwave to optical domain. Finally, it is intriguing to consider the possibility of utilizing these resonators in silicon to realize novel solid-state quantum devices consisting of spin qubits coherently coupled to both photons and phonons [11, 27] . Methods, which were submitted by Yale University.
VII. SUPPLEMENATRY MATERIAL
Refer to this section for the complete description of stability criteria for cHBAR, anisotropy parameter, and anchoring loss estimates.
A. Anisotropy parameter and Stability Criterion
In this section, we derive the stability criterion for longitudinal acoustic modes in anisotropic crytalline medium along certain crystalline axes. Let us first look at longi-tudinal modes propagating along x-cut silicon. We start with the Christoffels' equation for elastic wave propagation in an anisotropic medium [21] 
where c αβ is the reduced elastic tensor coefficient, and u m,jl ≡ (∂ 2 u m )/(∂x j ∂x l ). We see that the diffraction terms (c 44 u 1,22 , c 44 u 1,33 ) for the longitudinal acoustic wave propagating alonĝ
x is symmetric about x-axis. So for simplicity, we consider 2D acoustic beam propagation along x − y plane (i.e. ignore terms related to the displacement u 3 ). This results in the following coupled differential equation for the acoustic displacement fields 
To solve these equations, we Fourier transform A(r) to k-space. So using A x (x, y) = 1/ √ 2π dk yÃx (x, k y )e ikyy and A y (x, y) = 1/ √ 2π dk yÃy (x, k y )e ikyy , we get following first order differential equations
where
, and s = γ 2 1 k y /(2v 2 t ). Applying (∂ x + ir) on Eq. (11) and making the paraxial approximation, we finally get
Assuming k y k o in the paraxial limit we get
We can now re-write Eq. (13) as
where k = k o χ, and the "anisotropy-parameter", χ is given by
Note that Eqn. (15) for acoustic wave propagation in the paraxial limit, is similar to the paraxial approximation to the scalar wave equation for electromagnetic field [28] . However, for the acoustic wave propagation in the paraxial limit there is an additional factor of χ in the propagation constant (i.e. k = k o χ). While we have determined χ analytically, it is also possible to obtain χ numerically by fitting a quadratic function to the slowness surfaces [29] . It is well known from optics that Gaussian beams satisfy the paraxial approximation to the wave equation [20] . Therefore, assuming acoustic field polarized along x (i.e. u(r, t) =
A(x, y)e −i(kox−Ωt)x , with initial acoustic field at x = 0 as A(x = 0, y) = A o exp(−y 2 /w 2 o ), we can solve Eq. (15) to get where k = k o χ = 2π λ ph χ for phonon with wavelength λ ph , w o is the acoustic waist radius at x = 0,
is the acoustic waist radius at x,
λ ph χ is the acoustic Rayleigh length,
x is the radius of curvature of the acoustic beam's wavefronts at x, ψ (x) = arctan x x R is the acoustic Gouy phase at x. Now that we have determined propagation equations for the Gaussian acoustic wave, we can perform stable Fabry-Pérot resonator analysis for the acoustic cavity similar to that for a two-mirror optical cavity [20] . Given two surfaces with radius of curvatures R 1 and R 2 with spacing t between, we need to find a Gaussian beam that periodically refocuses upon each round trip. Let us assume that this Gaussian beam with an initially unknown spot size w o is at an initially unknown location such that the reflecting surfaces are at distances x 1 and x 2 away (See Fig. 4) . For periodic refocusing, the acoustic beams' radius of curvatures R (x) need to match with radius of curvatures of the two mirrors. This gives us three equations
We now invert Eqns. (18) (19) (20) to find the Gaussian beam parameters x R , x 1 and x 2 in terms of R 1 , R 2 and t. So, if we define acoustic resonator "g-parameter" as follows
we can find the Gaussian beam parameters in terms of g 1 , g 2 and t. The Rayleigh length for this trapped Gaussian beam is given by
The locations of the curved surfaces with respect to the Gaussian beam waist are
From Eq. 22 and the definition of the Rayleigh length derived earlier, we can obtain the Gaussian beam waist size at x = 0 and x = t
From equations (-22) & (25 ) we see that for real and finite solutions to the Gaussian beam parameters and the beam waist size, we see that 0 ≤ g 1 g 2 ≤ 1. For a plano-convex phononic resonator discussed in this paper, R 1 = ∞ so, g 1 = 1 and x 1 = 0.
We can also analytically calculate the frequency spacing between the higher-order transverse modes, because in the paraxial limit higher order Hermite-Gaussian modes are also solutions to the paraxial equation in Eq. (15) .
where H n s are the Hermite polynomials of order n and are also solutions to Eq. (15) . To calculate the higher order mode frequency spacing we look at the total round trip phase shift along the cavity axis (i.e. y = 0), which must be an integer multiple of 2π. This gives us the following equation
So the higher-order transverse mode spacing is given by
with the Rayleigh length given by Eq. (22) .
We can now calculate the acoustic beam waist size w o and the higher-order mode frequency spacing analytically for plano-convex phonon cavities in 0.5 mm thick x-cut silicon, with R 2 = 13. For acoustic beam propagation along z-cut quartz crystal, a similar approach to that outlined above for silicon can be used to obtain the "anisotropy parameter" 
B. Anchoring loss estimates
In this section, we calculate the Q-factor limit for the fundamental longitudinal acoustic modes (L0) if we assume all the energy outside the diameter (d) of the convex surface is lost due to absorption. We will call this our anchoring/clamping loss.
First, we can use Eqns. (25) (26) to see that the fundamental longitudinal mode waist do not vary significantly along the x-axis since the Rayleigh range for the cavities in quartz (R 2 = 65 mm, t = 1 mm) and silicon (R 2 = 13.3 mm, t = 0.5 mm) is much larger than the crystal thickness t. In this case, the fundamental Gaussian mode has a displacement profile
The acoustic energy, E ∝ V dV |u(r)| 2 , the fraction of energy that lives outside the convex surface of diameter d, using Eq. (33) is simply given by
If all this energy was lost due to absorption per-round trip, the lifetime, τ , of the acoustic mode in presence of this absorption (ignoring all other intrinsic loss mechanisms) is given
where R = 1 − e 
So for d/w o = 5 for 12.7 GHz mode in 1 mm thick quartz, we estimate a Q-factor limit of 6.8 billion due to this type of clamping loss. For d/w o = 5 for 37.8 GHz mode in 0.5 mm
